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ABSTRACT

By means of the g-homotopy analysis method (g-HAM), the soluti ation was obtained
in this paper. Comparison of g- HAM with the Homotopy i the Homotopy
perturbation method (HPM) are made, The results reve than the
others.
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1. INTRODUCTION

(The case of h . El;Tawil and Huseen [6] proposed a method namely g-homotopy analysis
method (g-HAM) is more general method of homotopy analysis method (HAM) , The g-
HAM contains an alixiliary parameter » as well as k such that the cases of (-HAM ; n = 1) the

standard homotopy analysis method (HAM) can be reached. The g-HAM has been successfully
applied to solve many types of nonlinear problems [6, 7, 12-17]. Rosenan and Hyman [24]
reported a class of partial differential equations

u, +(u™), +(u" ), =0 m=01<n <3
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which is a generalization of the the Korteweg-deVries (KdV) equation.These equations with the
values of m and n are denoted by K (m,n). The aim of the present work is to effectively employ

the g-HAM to establish the solutions for one of these partial differential equations; namely, K(2,2)
equation which is given by

u, + (), + (U)gp = 0

This equation plays an important role in the research of motion laws of liguid drop and mixed
flowing matter. Comparison of the present method with the HAM and also presented in
this paper.

2. BASIC IDEA OF Q-HOMOTOPY ANALYSIS -HAM)
Consider the following differential equation
Nlu(x,t)]— f(x,t) =0

where N is a nonlinear operator, (x,t) denotes in x,t) is a known function
and u(x,t) is an unknown function.

0(xt:3) =u(xt) (3)

s from 0 to i , the solution @(x, t; g) varies from the initial guess

assume that all of t an be properly chosen so that the solution @(x, t; g) of equation (2) exists

forg € [D,%].

Expanding @(x, t; g) in Taylor series, one has:

E'(.’?C, t: q:] = 'Lt,}[:x, tj +E:-:1°:C1um(x’tqu 1
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1 A™MBlxtgq)
- |q= o (5)

U (0,8) = o

Assume that h, H(x,t), u,(x,t),L are so properly chosen such that the series (4) converges at

-1
q = and

u(x,t) =0 (x’:i} = ug(x,t) + X532 Uy (%, 1) G)m

< thand finally dividing

where

AT N [y

Ry (U (1)) = ——

(10)

The exact solution of this problem is

ulx,t) = — (12)

1+2t

This problem solved by HAM [3]. For g- HAM solution we choose the linear operator
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L[O(x,t; q)] = L2222 (12)

with the property L[c;] = 0, where ¢, is constant.

Using initial approximation u,(x,t) = x , we define a nonlinear operator as

d0(x,t; q) N (0% (x,t;:q)) n 0* (0°(x,t; q))

N[OG 8 )] = — - o

We construct the zero order deformation equation

(1 —ng)L[@(x,t; ) — uy(x,t)] = qghH(x, t)N[D(x, t; q)].

We can take H(x,t) = 1, and the m®™® order deformation.equati@n is
Llu, (xt) —k,u,_,(x,t)] =

with the initial conditions for m = 1
u,,(x,0) =0,

where k,,, as define by (9) and

R'm [:u;n—i [.’I, t]j =

Now the solutié

component he solutiopgusi@y q- HAM are
u, (%, t) = 2hxf@ie+ +n)™ " for m = 1,2,3, ...
As special case if = 1 and h = —1, then we obtain the same result in [3].

Now the series solution expression by g- HAM can be written in the form

u(x,;n;h) 2 Uy (x, tin; h) = Tl u, (x.t;n h) &)E (15)

Equation (15) is an approximate solution to the problem (10) in terms of the convergence
parameters h and n . To find the valid region of k , the h-curves given by the 10" order g-HAM
9
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approximation at different values of x ,t and n are drawn in figures (1 — 7). These figures show
the interval of h at which the value of U,,(x,t; %) is constant at certain values of x ,t and n .
We choose the horizontal line parallel to x — axis (k) as a valid region which provides us with a

simple way to adjust and control the convergence region of the series solution (16). From these
figures, the valid intersection region of h for the values of x ,t and n in the curves becomes larger

as m increase. Figures (8 — 10) show the comparison between U, U, and U,, using different
values of n with the exact solution (11). Figure (11) shows the compagison between U,, of
HAM, U,, of HPM and U,, of g-HAM using different values of = wiji#”the exact solution (11),
which indicates that the speed of convergence for g-HAM with n = aster than n = 1 (HAM)

n between the 10™order
nt values of 1 with the

say that g-HAM is more
effective than HAM and HPM.

UlO bk, t, nL
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\ — Uppl03,15,10
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Figure curve for the HAM (g-HAM; n = 1) approximation solution
1 lx. t: 1) of problem (10) at different values of x and t.
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Figure (2) : k - curve for the (g-HAM; n = Z) appr, solution
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Figure (4) : k - curve for the ( g-HAM; n = 10) approximation solution
Uy (x. £ 10) of problem (10) at different values of x and t.
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Figure (5) : k - curve for the (Q-HAM; n = 20) ap
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Figure (7} : h - curve for the (Q-HAM; n = 100} approximation solution
Uy (x. t: 100) of problem (10) at different values of x and t.
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Figure (8): Comparison between Uz, U;. Uy, of HAM (- = 1) and exact
solution of (10) atx =1 with h = —0.1534J0 <t =
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Figure (9): Gbmpariso een Us. U, U HPM (HAM; h = -1)
and lution of ( =1 h=-0.15 0<t=1
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Figure(1Q/” Comparison between Us.U;. Uyy of (Q-HAM : n = 100) and exact
solution of (10) atx =1 withh=-9.5 0 <t =8.5
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Exact
UqgHPM

= UjgHAM
U19qHAM HHZL
U19qHAM HH5L
UlquAM MDIO-
U199HAM MDZO-
U19qHAM MuSO-
U19qHAM MulOOL

solutions

PM (HAM:; k = —1)

0" order gélution HPM (HAM : k = —1)
m (10)at0=x=10; 0 <t <8.5,

Figure (13): The 10" order solution HAM (g-HAM :n = 1)
approximate for problem (10) at 0 =x =10: 0 =t < 4.5,
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Figure (14): The 10" order solution H N‘HAM ;

approximate for problem (10) at 0 ﬁ =107 D =t < 8.5

igure (15);

Figure (16): The 10™ order solution g-HAM (n = 100)

approximate for problem (10) at 0 <x =10; 0 =t = 8.5,
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Exact
solutio
n

0.5
341.5
419431.
2.59141
e’
4.77219
e8
4.54545
e9
2.85772
el0
1.34986
ell

~No ok WD P O

2.5
1707.5
2.09715

~ O Ol b W DN P O

6.74928
ell

5
3415
4.19431
e6
2.59141
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5
6
-

e8
4.77219
e9
4.54545
el0
2.85772
ell
1.34986
el2

86
0.5556
78
0.5157
4
3.1480
2
43.795
1

0.7142
86
0.5555
7
0.4702
94
1.3203
5
17.258

0.7142
86
0.5555
56
0.4545
57
0.3898
98
0.5631

~N o o WD PR O

7.5
5122.5
6.29146
e6
3.88711
e8
7.15828
e9
6.81818
el0
4.28659
ell
2.02478
el2

9.5443
e9
9.09091
el0
5.71545
ell
2.69971
el?

7.5
2.5189

0.7142
87
0.5555
56
0.4545
46
0.3856

0.7143
62
0.5555
56
0.4545

86
0.5555
56
0.4545
45
0.3846
15
0.3333
33

7.5
2.5
1.5
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Table (1): Comparison between the 10th-order approximations of HPM, HAM and g-HAM
at different values of = with the exact solution of (10).

4. CONCLUSION

An approximate solution of K(2,2) equation was found by using the g-homotopy analysis
method (g-HAM).The results show that the convergence region of series solutions obtained by g-
HAM is increasing as q is decreased. The comparison of g-HAM with the, HAM and HPM was
made. It was shown that the convergence of q-HAM is faster than the ¢ nce of HAM and
HPM.
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